Abstract. Bulk type-II irreversible superconductors can act as excellent passive magnetic shields, with a strong attenuation of low frequency magnetic fields. Up to now, the performances of superconducting magnetic shields have mainly been studied in a homogenous magnetic field, considering only immunity problems , i.e. when the field is applied outside the tube and the inner field should ideally be zero. In this paper, we aim to investigate experimentally and numerically the magnetic response of a high-Tc bulk superconducting hollow cylinder at 77 K in an emission problem, i.e. when subjected to the non-uniform magnetic field generated by a source coil placed inside the tube. A bespoke 3-D mapping system coupled with a 3 -axis Hall probe is used to measure the magnetic flux density distribution outside the superconducting magnetic shield. A finite element model is developed to understand how the magnetic field penetrate s into the superconductor and how the induced superconducting shielding currents flow inside the shield in the case where the emitting coil is placed coaxially inside the tube. The finite element modelling is found to be in excellent agreement with the experimental data.
Introduction
Efficient magnetic screens are required in many applications involving high-sensitivity electric devices for which a low ambient magnetic field is necessary such as magneto-encephalography [1] , SQUIDs [2] , naval military applications [3] , cryogenic current comparators [4] , MRI [5] or cryogenic DC current transformers [6] . Most of these applications already require a cryogenic equipment so that the use of superconducting magnetic screens can be considered with negligible additional cost.
Bulk type II irreversible superconductors -and in particular high temperature superconductors (HTS) -can act as excellent passive magnetic shields over a large frequency range thank to their intrinsic flux pinning properties [7] [8] [9] . At low frequency, their efficiency has been shown to be superior to conventional solutions using ferromagnetic materials [7, 8] . Superconducting tapes made of Bi-2212/Bi-2223 [10] or MgB2 [11] could also be considered to design magnetic screens. HTS materials can be used either at liquid nitrogen temperature, where shielding remains effective up to a few mT, or at lower temperatures (e.g. typically 10 K or lower), where shielding of magnetic inductions in excess of 1 tesla has been successfully demonstrated using hollow cylinders made of Bi-2212 [12] or MgB2 [13] .
In a passive superconducting shield, the magnetic field variations induce shielding supercurrents that flow in the superconducting walls and are able to oppose the applied field. In such a configuration the knowledge of the orientation (or the distribution) of the magnetic field is, a priori, not necessary, in contrast with active shields. Up to now, most studies on passive shields made of high temperature superconductor have been conducted in configurations where the applied magnetic field is external to the shield and homogeneous [6] [7] [8] [9] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Consequently, only immunity problems have been investigated, i.e. the internal volume of the enclosure is protected from an external field. In such situations, the analysis of the magnetic response of the superconductor is simplified because one can easily identify a threshold value for the uniform external field, Blim, above which the shield is penetrated.
This threshold value can be used as a figure of merit of the shield. By contrast, with a non-homogenous source, the field penetration is not uniform and depends on both the source and the shield geometry [23] .
The identification of a proper figure of merit is not straight forward. It should be emphasized that nonhomogeneous or asymmetric configurations are relevant to many practical applications, e.g. shielding Author Postprint of the paper published in Supercond. Sci. Technol. 28 (2015) 035011 3 the stray field of an electromagnet or of a dipole coil. The understanding of the magnetic response of superconducting materials in such situations is of great interest in view of designing efficient magnetic shielding systems, levitation systems [23] or magnetic cloaking systems [24] .
In this paper, we aim to investigate experimentally and numerically the magnetic response of a bulk, high temperature superconducting hollow cylinder subjected to the magnetic field generated by a small source coil placed inside the tube. This situation corresponds to an emission problem, i.e. the magnetic field generated by a magnetic source is confined in an enclosure to avoid any effect on sensitive equipment placed outside (see figure 1(b)). As a consequence the magnetic field to be shielded is intrinsically non-homogeneous. The purpose of the present work is to clarify the magnetic response of the material in this configuration. This paper is organized as follows. Section 2 describes the experimental system used to carry out the magnetic shielding measurements. In section 3, the finite element model employed and the modelling hypotheses are detailed. The results of the measurements and of the modelling are presented in section 4. A comparison between experimental and numerical results is conducted in section 5. In section 6, we summarize the results and provide concluding remarks. 
Experimental setup
The sample studied in this work is a hollow cylinder made of polycrystalline Bi1.8Pb0.26Sr2Ca2Cu3O10+x
(Bi-2223) from CAN Superconductors [25] . This tube is a non-textured polycrystalline ceramic manufactured by pressing powder. To excellent approximation, its properties are therefore assumed to be isotropic at the macroscopic scale. The geometrical characteristics of the cylinder are given in Table   1 . The magnetic field dependence of the sample critical current density Jc(B) was determined experimentally using transport measurements on an open ring of 2 mm x 1.6 mm cross-section cut out from the sample. Kim's law [26]  
is used to describe this dependence with the two fitting parameters Jc0 = 6.25 MA/m 2 and B1 = 8.9 mT. The magnetic shielding properties of the cylinder were also determined under a homogeneous applied field: the maximal magnetic flux density (Blim) that can be shielded at 77 K in axial configuration is Blim  8 mT when the sweep rate of the applied
The critical exponent characteristic of the E-J law [27] measurements [28] which consist in observing the influence of the sweep rate of the applied magnetic
on Blim when the sample is subjected to a homogenous magnetic field. In the present work, all experiments are carried out in a liquid nitrogen bath (77 K) in zero field cooled conditions. The magnetic source is a copper coil whose geometrical characteristics are detailed in Table   Author Postprint of the paper published in Supercond. Sci. Technol. 28 (2015) 035011 5 2. It is designed in such a way that it can be placed coaxially as well as transversely (i.e. the axis of the tube and that of the coil are mutually perpendicular) inside the tube. The coil characteristics are chosen in such a way the largest possible magnetic field can be generated taking into the geometrical constraints,
i.e. the coil is confined inside a sphere of diameter equal to the inner diameter of the superconducting cylinder. The maximum magnetic field that can be generated in the centre of the coil is 105 mT, corresponding to a drive current of 1.5 A. The coil is fed by a Delta SM70-22 DC power supply used in current-controlled mode.
The magnetic field is measured using two different Hall probes. First, a cryogenic high-sensitivity 3-axis Hall probe (Arepoc 3X-H) is fixed to a 3-axis XYZ micropositioning system consisting of 3 
Modelling
The numerical model that has been developed covers axisymmetrical configurations, which is the case when a source coil is placed coaxially to a superconducting tube ( figure 2(a) ).
In general, the direction of the induced supercurrents inside the superconductor is a priori unknown.
Indeed, in asymmetrical situations the current density is not necessarily perpendicular to the magnetic flux density, causing the appearance of longitudinal currents for which usual constitutive laws do not stand anymore and unusual critical states have to be considered [29] [30] [31] [32] . By considering only axisymmetric situations, this problem does not arise because the direction of the supercurrents is imposed by the geometry; i.e. azimuthal in the present case. The situation analysed in this work is therefore reduced to a two dimensional problem.
A finite element method with an   A formulation has been used to model the distribution of flux density and induced currents in axial configurations. The magnetic field and the electric field expressed in terms of A and are
. 
is the power law conductivity, and s J is the current density that flows inside the source coil. One can observe that if 0 E  , the conductivity tends to infinity. In practical, a small quantity is added to the electric field in the expression of the conductivity to avoid numerical oscillations in the distribution of E . To complete this model, we need to impose Dirichlet boundary conditions: 0 A  and 0   on the outer boundary using a jacobian transformation that sends the outer surface of the domain to infinity [33] .
The mesh inside the superconductor is composed of quadrangles whose height (along the tube axis) is fixed and thickness changes with the radius. Thus, the inner surface of the superconductor has a higher density of mesh element than the outer surface of the superconductor in order to characterize in detail the penetration at low magnetic field. For the air and the inductor, the mesh is composed of triangular Author Postprint of the paper published in Supercond. Sci. Technol. 28 (2015) This problem was solved using GetDP, an open source solver which is developed by the Applied and Computational Electromagnetics research unit of the University of Liège. Descriptions and details of this solver can be found in ref. [34] .
The dimensions of the emitting coil and of the superconductor used in the modelling correspond exactly to the dimensions used in the experiment. The modelling is used to give relevant information about the way the magnetic field distribution is shaped around the shield and about the supercurrents distribution inside the screen.
The applied magnetic field depends only on the current density imposed in the source coil. The latter can be modified easily to apply triangular, harmonic or quasi-DC signals. In this study, the applied field is first increased to a maximal value Bmax at a constant sweep rate, then it is decreased to zero at the same rate. This procedure is also used in the experiment.
Results
In this section we describe the results obtained when the tube and the emitting coil are first axial (figure 2(a)) and then perpendicular (figure 2(b)). Two preliminary points need to be emphasized.
(i)
At low fields, the magnetic field generated by the emitting coil is screened completely by the superconducting tube and the magnetic flux density outside the superconductor is zero, which corresponds to the genuine magnetic shielding behaviour. As the current in the emitting coil is increased, magnetic flux penetrates progressively in the walls of the tube and eventually leaks out, leading to a measurable signal outside the superconductor. Measurements reported in this section are carried out purposefully in this regime, i.e. when the local magnetic flux density exceeds the penetration field of the superconductor.
Author Postprint of the paper published in Supercond. Sci. Technol. 28 (2015) 035011 9 (ii) In a non-homogeneous magnetic field configuration, as reported here, some confusion may arise about the terminology "applied field", since the local magnetic field experienced by the superconductor varies locally and, furthermore, differs from the field that would exist without superconductor (or above Tc). In the present work, the term "applied field" will refer systematically to the field at the centre of the emitting coil; this field being almost independent of the magnetic response of the superconductor. It should be kept in mind, however, than the central field differs, a priori, from the local field experienced by the superconductor.
Axial configuration
In the axial configuration, we first compare the experimental and modelled distribution of magnetic flux density outside the tube. Then the numerical modelling is used to draw magnetic flux lines and determine the distribution of induced currents in the superconductor. These measurements are carried out once the field has been ramped up, at a constant rate of 1 mT/s, to a magnetic induction in the centre of the coil of 87.5 mT and maintained at this value. The 3-axis Hall probe allows the axial (Bz) and radial (Br) components of the local flux density to be determined, in the minima and maxima are closer. This is due to the fact that only a finite axial portion of the magnetic 
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shield is penetrated totally. The larger the applied field, the larger the fully penetrated portion and thus the closer distribution to that without shield.
Magnetic field distribution Figure 6 shows the modulus of the measured and modelled magnetic flux density along the z-axis at When the field reaches its maximum (70 mT in the present modelling), one can observe that the portion of the screen that is fully penetrated is roughly 1.5 times the height of the emitting coil. 
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This effect is due to the diamagnetic nature of the superconductor, which implies that the magnetic shield is subjected to a field higher than the one measured at the same point when there is no shield. 
Transverse configuration
Now we turn to the transverse configuration investigated experimentally (2D numerical modelling could not be carried out due to the lack of symmetry). Circular mappings of the magnetic induction at 3.5 mm from the outer surface of the hollow cylinder were measured with and without the superconducting shield. Results are shown in figure 9 . The three components of the magnetic field are expressed in a considering the field generated by the emitting coil) while with the shied, the amplitude is reduced and the maximum is now moved at the centre of the circular mapping. Given the magnetic field distribution in the presence of the shield, the supercurrents are expected to be flowing in the superconductor in a "saddle shape" just above the emitting coil. 
Discussion
The experimental and modelled results above give important information on the magnetic flux density that can be measured outside the cylinder, i.e. the applied field is large enough so that magnetic screening is no longer effective. For practical purposes, however, it is of interest to have information about the maximum applied field Bp that can be screened efficiently. In this section, we aim at predicting this maximum field Bp and examining the magnetic flux density inside the cylinder in axial configuration when the magnetic screening is effective (B < Bp) or not (B > Bp), and to draw practical conclusions that can be applied to cylinders or emitting coils of other sizes. Then we use modelling to examine the influence of geometrical parameters of the cylinder (height and radius) on its magnetic shielding properties.
Analytical one dimension model
A simple one dimensional model has been developed to approximate the maximal applied magnetic field that can be screened by any tube Bp in axial configurations. We recall here that, according to definition given previously, the term "maximal applied field" corresponds to the field at the centre of the emitting coil before a magnetic field can be measured at the outer surface of the superconducting sample.
The model assumes an infinite superconducting hollow cylinder (internal radius r1, external radius r2) The magnetic flux density is supposed uniform inside the emitting coil (B0) and in the inner space between the coil and the inner surface of the superconductor (B1). Inside the superconducting wall, the Bean model is used. Note that the model does not take into account reversible flux penetration due to Meissner currents (nor does the 2D model used previously). This is justified by the irregular shape of the polycrystalline material investigated (leading possibly to several local flux concentrations along the surface) as well as the fact that the lower critical field to consider is Hc1j, the lower critical field characteristic of grain boundaries (joints), which is often found to be much smaller than Hc1g, i.e. the lower critical field of the grains themselves; this means that a critical state model is often found to be appropriate for Bi-based ceramics at low fields [36, 37] . This is also the case for magnetic shielding studies carried out in uniform field conditions [16] . Outside the tube, the flux density is supposed to decrease following a cubic power law The evolution of the measured flux density is not linear once full penetration is reached. This nonlinearity cannot be predicted by the analytical model because a field-independent Jc is assumed.
In summary, the above results obtained for axial configurations give us information about the flux density inside superconductor and allow one to determine the maximum flux density that can be shielded in these configurations. Remarkably, the approximate 1D analytical model gives results that are in excellent agreement with the more sophisticated 2D finite element model as well as with experimental data. Such agreement can be related to the fact that flux lines at the inner surface of the superconductor are mainly axial, as shown by results plotted in figures 7(a) to 7(c). This analytical model can thus be used to estimate at first order the magnetic performances of a superconducting magnetic screen of any internal and external radii (r1 and r2), subjected to the field produced by an emitting coil of radius r0 placed axially.
Influence of the geometrical parameters of the superconducting sample
In this last section, the finite element model -compared to the analytical model -is used to investigate the influence of the geometry of the sample on the magnetic field distribution. The thickness of the hollow cylinder is kept constant and the two investigated parameters are the height and the inner radius of the tube. For every situation, the applied magnetic field is ramped up to 105 mT and ramped down to 0 mT at a rate of 1 mT/s.
(i) Effect of the height
We first consider the case of a tube of inner diameter of 21 mm which correspond to the dimension of the sample investigated experimentally. The sample is kept centered with the coil. Figure 13 As observed earlier in section 4, the shielding currents in the superconductor are located mainly in a portion of the screen whose height is roughly about 1.5 times that of the emitting coil. This is confirmed here by the above results; once the height is greater than 30 mm, the height has nearly no influence on the magnetic field distribution outside the screen. One can also observe that the magnetic field around z = 0 mm decreases when the height decreases from h = 40 mm. Beyond the extremities of the sample, however, the opposite situation is observed: the magnetic field increases. This is due to the flux lines that bypass the screen when its height is small compared to the one of the coil. This induces a decrease in the magnetic concentration effect between the emitting coil and the sample because the magnetic flux can extend around the screen.
(ii) Effect of the radius
Here we investigate the effect of increasing the inner radius of the superconducting hollow cylinder while keeping both the height and the wall thickness constant. Figure 14 and 15 show respectively, the magnetic flux density inside the shield at 1 mm from the inner surface and outside the shield at 1.4 mm from the outer surface. Four superconductors of different inner radii (11 mm, 13 mm, 15 mm and 17 mm) are investigated. Figure 14 shows that the magnetic concentration between the emitting coil and the shield decreases as the radius of the screen increases, as expected intuitively. Therefore, by increasing the radius of the shield, one can apply higher field before flux lines leak out of the magnetic shield. This is confirmed by the results shown in figure 15 . On increasing the radius of the cylinder, the When designing a magnetic shield intended to screen a given source coil or device, one wants usually to minimize its volume both for convenience of manufacturing and reduction of cost. The results obtained in the present work show that concentration of magnetic flux represents the main constraint on the reduction of the shield volume. If the radius of the shield is too small, the high value of the local field experienced by the superconductor will yield penetration through the walls. Therefore, there must be an optimal design for the magnetic shield in emission configuration. 
Conclusion
The magnetic response of a bulk irreversible type-II superconducting tube subjected to an inhomogeneous magnetic field has been investigated both experimentally and numerically. We have considered the situation of an emission problem with an emitting source coil placed inside the magnetic shield. The centre of this coil coincides with that of the tube; the coil is either axial or transverse to the tube. Miniature flux mapping using a 3-axis Hall probe moved along a cylindrical surface (i.e. at constant distance from the outer wall of the tube) has proved to be an efficient tool to reveal the magnetic shielding characteristics in both configurations. Above full penetration of the cylinder, the presence of the superconductor is shown to affect the distribution of the three components of the flux density quite differently from each other. A 2D finite element model using an   A formulation has been developed to model the axial configuration, using superconducting parameters (Jc(B) and n) obtained from independent measurements in uniform field. The 2D modelling gives results that are in excellent agreement with experimental results. It has been employed to study the magnetic field and current density distributions inside the superconducting shield. The maximum field (at the centre of the emitting coil) that can be shielded with a superconducting tube, when it is subjected to the magnetic field of an emitting coil placed coaxially to the tube and at its centre, has been approximated analytically with a simple 1D model, and is remarkably good agreement with the 2D model as well as the experimental data. It predicts and quantifies the phenomenon of magnetic flux concentration that occurs between the emitting coil and the inner surface of the superconductor and which can be calculated analytically. In spite of its simplicity, this model can therefore be used to estimate at first magnetic shielding properties of various tubular screens in view of practical applications. Both 1D and 2D models were used to study the influence of the tube geometrical characteristics on the magnetic shielding properties.
